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Abstract
We obtain the distribution functions for anyonic excitations classified into
equivalence classes labeled by Hausdorff dimension, h and as an example of
such anyonic systems, we consider the collective excitations of the Fractional
Quantum Hall Effect ( FQHE ).
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1
We have obtained in [1] from a continuous family of Lagrangians for fractional spin
particles a path integral representation for the propagator and its representation in moment
space. On the other hand, the trajectories swept out by scalar and spinning particles can
be characterized by the fractal parameter h ( or the Hausdorff dimension ). We have that,
L, the length of closed trajectory with size R has its fractal properties described by L ∼ Rh
[2], such that for scalar particle L ∼ 1
p2
, R2 ∼ L and h = 2 ; for spinning particle, L ∼ 1
p
,
R1 ∼ L and h = 1. From the form of anyonic propagator given in [1], with the spin defined
into the interval 0 ≤ s ≤ 0.5, we have extracted the following formula, h = 2 − 2s, which
relates the Hausdorff dimension h and the spin s of the particle. Thus, for anyonic particle,
h takes values within the interval 1 < h < 2. In [3], we have classified the fractional spin
particles or anyonic excitations in terms of equivalence classes labeled by h. Therefore, such
particles in a specific class can be considered on equal footing.
On the other hand, in the context of FQHE systems, the filling factor, a parameter which
characterize that phenomenon, can be classified in this terms too. We have, therefore, a new
hierarchy scheme for the filling factors [4], which is extracted from the relation between h
and the statistics ν ( or the filling factors ). Our approach, contrary to literature [5] do
not have an empirical character and we can predicting for which values of ν FQHE can
be observed. A Braid group structure behind this classification also was noted [6] and in
[3] a topological invariant, W = h + 2s− 2p, was introduced which relates a characteristic
of the multiply connected spaces with the numbers of fractional spin particles, p, and the
quantities related to the particles, h and s ( note that this invariant has a connection with the
Euler characteristic of the surface ). The anyonic model, a charge-flux system, constitutes a
topological obstruction ( holes with hard core repulsion ) in this description and the elements
of the Braid group are equivalents trajectories.
Now, we propose a statistical weight for such excitations in terms of h, as follows:
ωj =
[Gj + (Nj − 1)(h− 1)]!
Nj ! [Gj + (Nj − 1)(h− 1)−Nj ]!
, (1)
where Gj means a group of quantum states, Nj is the number of particles and for, h = 2 we
have bosons and for h = 1 we have fermions. For, 1 < h < 2, we have anyonic excitations
which interpolates between these two extremes. The fractal parameter hi ( i means a specific
interval ) is related to statistcs ν, in the following way:
h1 = 2− ν, 0 < ν < 1; h2 = ν, 1 < ν < 2;
h3 = 4− ν, 2 < ν < 3; h4 = ν − 2, 3 < ν < 4;
h5 = 6− ν, 4 < ν < 5; h6 = ν − 4, 5 < ν < 6; (2)
h7 = 8− ν, 6 < ν < 7; h8 = ν − 6, 7 < ν < 8;
h9 = 10− ν, 8 < ν < 9; h10 = ν − 8, 9 < ν < 10;
etc,
such that this spectrum of ν, as we can see, has a complete mirror symmetry and for a given
h, we collect different values of ν in a specific class, for example, consider h = 5
3
and h = 4
3
,
so we obtain;
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h= 4
3
.
These particles or excitations, in the class, share some common characteristics, according
our interpretation, in the same way that bosons and fermions. We observe that each interval
2
contributes with one and only one particle to the class and the statistics and the spin, are
related by ν = 2s.
We stress that, our expression for statistical weight Eq.(1), is more general than an
expression given in [7], once if we consider the relation between h and ν, we just obtain that
first result and extend it for the complete spectrum of statistics ν, for example:
ωj =
[Gj + (Nj − 1)(1− ν)]!
Nj! [Gj + (Nj − 1)(1− ν)−Nj ]!
, 0 < ν < 1;
ωj =
[Gj + (Nj − 1)(ν − 1)]!
Nj! [Gj + (Nj − 1)(ν − 1)−Nj ]!
, 1 < ν < 2; (3)
ωj =
[Gj + (Nj − 1)(3− ν)]!
Nj! [Gj + (Nj − 1)(3− ν)−Nj ]!
, 2 < ν < 3;
ωj =
[Gj + (Nj − 1)(ν − 3)]!
Nj! [Gj + (Nj − 1)(ν − 3)−Nj ]!
, 3 < ν < 4;
etc.
The expressions Eq.(3) were possible because of the mirror symmetry as just have said
above. But, our approach in terms of Hausdorff dimension, h, have an advantage, because
we collect into equivalence class the anyonic excitations and so, we consider on equal footing
the excitations in the class and this is a new approach which enter on considerations about
fractional spin particles. For different species of particles, the statistical weight take the
form
Γ =
∏
j
ωj =
∏
j
[Gj + (Nj − 1)(h− 1)]!
Nj ! [Gj + (Nj − 1)(h− 1)−Nj]!
, (4)
which reduces to Eq.(1) for only one species. Now, we can consider the entropy for a given
class h. Taking the logarithm of Eq.(4), with the condition that, Nj and Gj are vary large
numbers and defining the average occupation numbers, nj =
Nj
Gj
, we obtain for a gas not in
equilibrium, an expression for the entropy
S =
∑
j
Gj
{
[1 + nj(h− 1)] ln
(
1 + nj(h− 1)
1 + nj(h− 1)− nj
)
(5)
− nj ln
(
nj
1 + nj(h− 1)− nj
)}
,
such that for h = 2 and h = 1, we obtain the expressions for a Bose and Fermi gases not in
equilibrium [8],
S =
∑
j
Gj {(1 + nj) ln (1 + nj)− nj lnnj} ; (6)
S = −
∑
j
Gj {nj lnnj + (1− nj) ln (1− nj)} , (7)
respectively.
The distribution function for a gas of the class h can be obtained from the condition of
the entropy be a maximum. Thus, we have
3
njξ = {1 + nj(h− 1)}
h−1 {1 + nj(h− 2)}
2−h , (8)
where ξ = exp {(ǫj − µ)/KT}, has the usual definition and the Bose and Fermi distributions
are obtained for values of h = 2, 1; respectively.
In the context of the Fractional Quantum Hall Effect ( FQHE ), as we said in the
introduction, the filling factor ( rational number with an odd denominator ), can be also
classified in terms of h [4]. We have that the anyonic excitations are collective excitations
manifested as quasiparticles or quasiholes in FQHE systems. Thus, for example, we have
the collective excitations as given in the beginning for h = 5
3
and h = 4
3
. Now, we have
noted that these collections contain filling fractions, in particular, ν = 1
3
and ν = 2
3
, that
experimentally were observed [9] and so we are able to estimate for which values of ν the
largest charge gaps occurs, or alternatively, we can predicting FQHE. As was observed in
[4] this is a new schem hierarchy scheme for the filling factors, that express the occurrence
of the FQHE in more fundamental terms, that is, relating the fractal parameter h and
the filling factors ν. Therefore, for anyonic excitations in a stronger magnetic field at low
temperatures, our generalization ( Eq.3 ) of the results in [7] can be considered.
In summary, we have obtained distribution functions ( Eq.8 ) for anyonic excitations in
terms of the Hausdorff dimension h, which classified the anyonic excitations into equivalence
classes and reduces to fermionic and bosonic distributions, when h = 1 and h = 2, respec-
tively. In this way, we have extended ( Eq.3 ) results of the literature [7] for the complete
spectrum of statistics ν. A connection with the FQHE, considering the filling factors into
equivalence classes labeled by h also was considered and an estimate for occurrence of FQHE
made.
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